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© Lagrangian Duality
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A brief introduction to Lagrangian Duality

Primary Problem o )
@ The objective function f(x) usually has

min f(x) poor properties (non-convex or no
X _ Lipschitz continuity).
s.t.hi(x) <0,ie{l,---,1}

. @ The feasible region is not always a
li(x)=0,j€{1,---,J}

convex set.
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A brief introduction to Lagrangian Duality

Lagrangian of the Primary Problem

J
L(x,\,v) = f(x) ZA hi(x) + ) viti(x)
j=1

where A\, v are Lagrangian multipliers.
Dual function

I J
g(hv)= inf (FO)+ D Nihi(x)+ > viti(x)).
i=1 j=1

xedomf

Note that, g(\, ) is concave w.r.t A\, v, and the above infimum is taken
over the domain of f.
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A brief introduction to Lagrangian Duality

Primary Problem
Dual Problem

min f(x)

s.t.hi(x) <0,ie{l,---,1}
fj(X) = O7j € {13 U 7J}

The dual problem is much easier to solve, as it is a convex optimization

with linear constraints.

max g(\,v)

vV

s.t.A > 0.

saddle Point Visualization: f(x, y) = x~2 - y~2
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© From Dual Asent to ADMM
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Dual Asent

Consider an easier problem miny f(x) s.t. Ax = b.
Its dual function is

gly)= inf f(x) +yT(AX —b).

xedomf

The gradient of g(y) is 6 =Ax*—b

Saddle Point Visualization: f(x, y) = x*2 -y~2

The dual asent algorithm is
o Initialize dual guess y(©)
@ repeat for k =1,2,3,---

o x() = arg min,cdomr f(x) + (y**1)T Ax
° y(k) — y(kil) + tk(AX(k) — b)
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Augmented Lagrangian method

a.k.a method of multipliers

The disadvantage of dual ascent is that it requires strong conditions to
ensure convergence, i.e., convexity and Lipschitz continuity, etc. (It can be
considered similar to the gradient descent algorithm.)

We propose a new primal problem

min f(x) + gHAx — b||%
st. Ax=0>b

The benefit that comes with the quadratic penalty term is that we can
always adjust p such that the objective function is convex (under mild
assumptions), as long as matrix A has full column rank.
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Augmented Lagrangian method

min £(x) + 2||Ax — b||2
X 2
st. Ax=0>
o Initialize dual guess y(©)
@ repeat for k=1,2,3,---

o xM) = arg minycdomsf f(x)+ (y(k_l))TAx + £]|Ax — b3
° y(k) — y(k_l) _|_ tk(AX(k) — b)
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Alternating Direction Method of Multipliers (ADMM)

Consider the problem
min f(x) + g(z)
st. Ax+Bz=c

The augmented Lagrangian is
Lo(x,z,u) = F(x) + g(2) + u” (Ax+ Bz — ) + £ || Ax + Bz — c|3

The algorithm is
@ repeat for k=1,2,3,---
° X(k) = arg miny Lp(X,Z(k_l)’ u(k—l))
o z(K) = argmin, Lp(x(k),z, uk=1)
o u) =y 4 1 (AxK) + Bz(9) — )
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© Why ADMM
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Divide and Conquer

It can split a large problem into a series of subproblems. Usually, each
subproblem has a closed form solution. Consider problem

min f(x) + g(Ax)
We can transform it into

min f(x) + g(z), s.t. Ax —z =0.
Ly(x,z,u) = f(x) + g(z) + u” (Ax + Bz — ¢) + gHAx + Bz — |3

@ repeat for k=1,2,3,---
o xK) = argmin, g(z) + (v V)T Ax + £[|Ax + Bzk=1) — |3
o 2 = argmin, f(x) + (u*V)TBz + £||Ax() + Bz — |3
o uf) =yt 1 1 (Ax(K) 4 Bz(K) — ¢)
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Distributed Optimization

Given y € R", x € R"™P, we have the group lasso problem as

min *Ily XBIf + Azcgllﬁgllz

g=1
Rewrite as

G
m'n*\ly XBIE+ A cllaglla, st. f—a=0.
g=1
ADMM steps:
@ repeat for k =1,2,3,-

o Al = (XTX+p/) (XTerp(a(k—l) w1y
o forg=1,---,G do in parallel

o af) =R/, (ﬁ(k) +w(k )

° w(k):w(k 1) +B k)
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@ ADMM in CIiPP
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ADMM in CliPP

The problem, eq.(8), in CliPP is

min —l(w)+ Y pallwi — wil).

1<i<j<s

Define n;; = w; — wj, we can rewrite it as

min —{(w) + Z pa(Imijl)-

wn
’ 1<i<j<s

Then the augmented Lagrangian is

(6
L(w7n77—7>‘) :_g(w)—'_ Z P)\(|771_/|)+§ Z (Uﬁ_wi_wj)z
1<i<j<s 1<i<j<s

= Y milng —wi —wy).

1<i<j<s
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ADMM in CliPP

@ repeat for k =1,2,3,-
e eq.(S3) wlk) = (BTB+aATA) HaAT(nk=1) — 7(=1)) — BTA]

o eq.(54) 1) = argmin,, 2(5; — 17)> + pa(Ingl)
o €q.(S5) 7 = (k=1 _ o(Aw®) — pk)
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ADMM in CliPP

https://github.com/wwylab/C1liPP/blob/master/src/kernel.cpp

Linear = DELTA * (alpha * eta_old + tau_nes) - 8.cuiseProduct(A);

Minv = 1.8 / ((B.cwiseProduct(B)).array() + double(No_mutation) * alpha);
Hiny_diag = Minv.asDiagonal();

trace g = -alpha * Minv.sua();

i#(isnan(trace_p)){

) Update w Stscout < "ambde * < bl < Pftertion: * < k< "\ < st

return -1;

o Update n

Minv_outer = Minv * (Minv.transpose());

e Update 7

inverted = Minv_diag.array() - 1.0 / (1.0 + traceg) * (-alpha) * Minv_outer.array();

W_new = dnverted * linear;

1,00 * aloha)) / (10 - 1.0 / ((garma - 1.9) * aloha) * tag3 “tag;
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https://github.com/wwylab/CliPP/blob/master/src/kernel.cpp

Thank youl!
Questions?
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